In this paper, we introduce a representation theory of Hom-Lie conformal superalgebras and discuss the cases of adjoint representations. Furthermore, we develop cohomology theory of Hom-Lie conformal superalgebras and discuss some applications to the study of deformations of regular Hom-Lie conformal superalgebras. Finally, we introduce derivations of multiplicative Hom-Lie conformal superalgebras and study their properties.
INTRODUCTION
Lie conformal superalgebras are introduced by Kac in [3] , gives an axiomatic description of the singular part of the operator product expansion of chiral fields in conformal field theory. It is an useful tool to study vertex superalgebras and has many applications in the theory of Lie superalgebras. Moreover. Lie conformal superalgebras have close connections to Hamiltonian formalism in the theory of nonlinear evolution equations. Zhao, Yuan and Chen developed deformation of Lie conformal superalgebras and introduced derivations of multiplicative Lie conformal superalgebras and study their properties in [7] .
In [1] , Ammar and Makhlouf introduced the notion of Hom-Lie superalgebras, they gave a classification of Hom-Lie admissible superalgebras and proved a graded version of Hartwig-Larsson-Silvestrov Theorem. Later, Ammar, Makhlouf and Saadaoui [2] studied the representation and the cohomology of Hom-Lie superalgebras, and calculated the derivations and the second cohomology group of q-deformed Witt superalgebra. In [6] , Yuan introduced Hom-Lie conformal superalgebra and proved that a Hom-Lie conformal superalgebra is equivalent to a Hom-Gel'fand-Dorfman superbialgebra.
Recently, the Hom-Lie conformal algebra was introduced and studied in [5] , where it was proved that a Hom-Lie conformal algebra is equivalent to a Hom-Gel'fand-Dorfman bialgebra. Zhao, Yuan and Chen developed cohomology theory of Hom-Lie conformal algebras and discuss some applications to the study of deformations of regular Hom-Lie conformal algebras. Also, they introduced derivations of multiplicative Hom-Lie conformal algebras and study their properties in [8] , which is different from [7] .
Motivated by these results, we introduce a representation theory of Hom-Lie conformal superalgebras and discuss the cases of adjoint representations. Furthermore, we develop cohomology theory of Hom-Lie conformal superalgebras and discuss some applications to the study of deformations of regular Hom-Lie conformal superalgebras. Finally, we introduce derivations of multiplicative Hom-Lie conformal superalgebras and study their properties.
This paper is organized as follows.
In Section 2, we introduce a representation theory of Hom-Lie conformal superalgebras and discuss the cases of adjoint representations.
In Section 3, we develop cohomology theory of Hom-Lie conformal superalgebras and discuss some applications to the study of deformations of regular Hom-Lie conformal superalgebras.
In Section 4, we study derivations of multiplicative Hom-Lie conformal superalgebras. and prove the direct sum of the space of derivations is a Hom-Lie conformal superalgebra. In particular, any derivation gives rise to a derivation extension of a multiplicative Hom-Lie conformal superalgebra.
In Section 5, we introduce generalized derivations of multiplicative Hom-Lie conformal superalgebras and study their properties.
Throughout the paper, all algebraic systems are supposed to be over a field C, and denote by Z + the set of all nonnegative integers and by Z.
Representations of Hom-Lie conformal superalgebras
In this section, we introduce a representation theory of Hom-Lie conformal superalgebras and discuss the cases of adjoint representations.
Definition 2.1. [6] A Hom-Lie conformal superalgebra R = R0 ⊕ R1 is a Z 2 -graded C[∂]-module equipped with an even linear endomorphism α such that α∂ = ∂α, and a C-linear
, and the following axioms hold for a, b, c ∈ R
A Hom-Lie conformal superalgebra (R, α) is called finite if R is a finitely generated
In particular, if α is an algebra isomorphism, then (R, α) is regular.
Example 2.2. Let g = g0 ⊕ g1 be a complex Hom-Lie superalgebra with Lie bracket
Hom-Lie conformal superalgebra with λ-bracket given by
Then f is a Hom-conformal linear map of degree θ if and only if
Definition 2.5. A Hom-associative conformal superalgebra R is a Z 2 -graded C[∂]-module equipped with an even linear endomorphism α such that α∂ = ∂α, endowed with a λ-product from R ⊗ R to C[∂] ⊗ R, for any a, b, c ∈ R, satisfying the following conditions:
(2. 4) Theorem 2.6. Let (R, α) be a Hom-associative conformal superalgebra with an even linear endomorphism α. One can define
Then (R, α) is a Hom-Lie conformal superalgebra.
Proof. We only prove (2.3). For any a, b, c ∈ R, we have
Similarly, we have
By the associativity (2.4), it is not hard to check that
as desired. And this finishes the proof.
Let Chom(M, N ) θ denote the set of Hom-conformal linear maps of degree θ from M to N ) is a Hom-associative conformal superalgebra with respect to the above composition. Thus, Cend(M ) becomes a Hom-Lie conformal superalgebra, denoted as gc(M ), with respect to the following λ-bracket
-module, and ρ : R → CendM is a linear map satisfying
Proposition 2.8. Let (R, α) be a Hom-Lie conformal superalgebra and (ρ, M, β) is a representation of the Hom-Lie conformal superalgebra R. The direct sum R ⊕ M with a
and the twist map α + β :
is a Hom-Lie conformal superalgebra.
Proof. Note that R ⊕ M is equipped with a C[∂]-module structure via
It is easy to check that (α + β) • ∂ = ∂ • (α + β), Now, we check that (2.1) holds, for any a, b ∈ R and u, v ∈ M , we have
Next we show that the Hom-Jacobi identity, we compute
Since (ρ, M, β) is a representation of the Hom-Lie conformal superalgebra R, we have
Thus (R ⊕ M, α + β) is a Hom-Lie conformal superalgebra.
Proposition 2.9. Let (R, α) be a Hom-Lie conformal superalgebra and a Hom-conformal linear map ad :
Proof. Since (R, α) is a Hom-Lie conformal superalgebra, the Hom-Jacobi identity (2.3) may be written for any a, b, c ∈ R
Then the conformal linear map ad satisfies
We call the representation defined in the previous proposition adjoint representation of the Hom-Lie conformal superalgebra.
In the following, we explore the dual representation and coadjoint representation of Hom-Lie conformal superalgebras.
Let (R, α) be a Hom-Lie conformal superalgebra and (ρ, M, β) be a representation of R. Let M * be the dual vector space of M . We define a Hom-conformal linear map
Let f ∈ M * , a, b ∈ R and u ∈ M . We compute the right hand side of (2.4)
On the other hand, we set that the mapβ = β, then the left hand side of (2.4),
Therefore, we have the following proposition:
Proposition 2.10. Let (R, α) be a Hom-Lie conformal superalgebra and (ρ, M, β) be a representation of R. the (V * ,ρ,β), whereρ : R → CendM * is given byρ λ (a) = −ρ λ (x), defines a representation of Hom-Lie conformal superalgebra (R, α) if and only if
Corollary 2.11. Let (R, α) be a Hom-Lie conformal superalgebra and (R, ad, α) be the adjoint representation of R, where ad : g → Cendg. We setãd : g → Cendg * and
Cohomology of Hom-Lie conformal superalgebras
In this section, we introduce the cohomology theory of Hom-Lie conformal superalgebras and the Nijenhuis operators of Hom-Lie conformal superalgebras. As an application of the cohomology theory, we give the definition of a deformation and show that the deformation generated by a 2-cocycle Nijenhuis operator is trivial.
Definition 3.1. An n-cochain (n ∈ Z ≥0 ) of a regular Hom-Lie conformal superalgebra R with with coefficients in a module (M, β) is a C-linear map
where M [λ 1 , ..., λ n ] denotes the space of polynomials with coefficients in M , satisfying the following conditions:
(1) Conformal antilinearity:
.., a n ).
(2) Skew-symmetry:
(3)Commutativity:
where γ is extended linearly over the polynomials in λ i . In particular, if γ is a 0-cochain, then (dγ) λ a = a λ γ.
Proposition 3.2. dγ is a cochain and d 2 = 0.
Proof. Let γ be an n-cochain. It is easy to check that d satisfies conformal antilinearity and skew-symmetry. Commutativity is obviously satisfied. Thus d is an (n + 1)-cochain.
Next we will check that d 2 = 0. By straightforward computation, we have
where
..+|a j−1 |)|a j | and sign{i 1 , ..., i p } is the sign of the permutation putting the indices in increasing order andâ i,j , means that
It is obvious that (3.3) and (3.8) summations cancel each other. The same is true for (3.4) and (3.7), (3.5) and (3.6). The Hom-Jacobi identity implies (3.11) = 0, whereas skew-symmetry of gives (3.10)=0. As (M, β) is an R-module,
By γ • α = β • γ, we have (3.1),(3.2) and (3.9) summations cancel. This proves d 2 γ = 0.
Thus the cochains of a Hom-Lie conformal superalgebra R with coefficients in a module M form a complex, which is denoted by
This complex is called the basic complex for the R-module (M, β). Let R be a regular Hom-Lie conformal superalgebra. Define
Obviously, the operator d s is induced from the differential d. Thus d s preserves the space of cochains and satisfies d 2 s = 0. In the following the complex C • α (R, R) is assumed to be associated with the differential d s .
Taking s = −1, for ψ ∈ C 2 α (R, R −1 ) 0 be a bilinear operator commuting with α, we consider a t-parameterized family of bilinear operations on R, 
2). If it is true for (2.3), expanding the Hom-Jacobi identity for [·
This is equivalent to the following conditions
By conformal antilinearity of ψ, we have
On the other hand, Let ψ be a cocycle, i.e., d −1 ψ = 0. In fact,
When ψ is a 2-cocycle satisfying (3.14), (R, [· λ ·], α) forms a Hom-Lie conformal superalgebra. In this case, ψ generates a deformation of the Lie conformal superalgebra
R.
A deformation is said to be trivial if there is a linear operator f ∈ C 1 α (R, R −1 ) such that for T t = id + tf , there holds
where the bracket [·, ·] N is defined by
Theorem 3.4. Let (R, α) be a regular Hom-Lie conformal superalgebra, and f ∈ C 1 α (R, R −1 ) a Hom-Nijienhuis operator. Then a deformation of (R, α)) can be obtained by putting
(3. 21)
Furthermore, this deformation is trivial.
Proof. To see that ψ generates a deformation, we need to check satisfying (3.14), by (3.20) and (3.21), we have
Since f is a Hom-Nijenhuis operator, we get
Thus
In the similar way, we can check that (3.15). This proves that ψ generates a deformation of the regular Hom-Lie conformal superalgebra (R, α).
Let T t = id + tf . By (3.13) and (3.21), we have
On the other hand, we have
. Therefore the deformation is trivial.
4 Derivations of multiplicative Hom-Lie conformal superalgebras Definition 4.1. Let (R, α) be a multiplicative Hom-Lie conformal superalgebra. Then a Hom-conformal linear map
Denote by Der α s the set of α s -derivations of the multiplicative Hom-Lie conformal superalgebra (R, α). For any a ∈ R satisfying α(a) = a, define
Then D k (a) is an α k+1 -derivation, which is called an inner α k+1 -derivation. In fact
Proof. For any a, b ∈ R, we have
. Define
Der α k (R). Proof. By (4.2), it is easy to check that (2.1) and (2.2) are satisfied. To check the Hom-Jacobi identity, we compute separately
. This proves that (Der(R), α ′ ) is a Hom-Lie conformal superalgebra.
At the end of this section, we give an application of the α-derivations of a regular HomLie conformal superalgebra (R, α). Proof. Suppose that (R ⊕ RD, α ′ ) is a regular Hom-Lie conformal superalgebra. For any a, b ∈ R, m, n ∈ R, we have
Thus, we have
Next, the Hom Jacobi identity gives
Conversely, let D λ is an α-derivation of (R, α). For any a, b ∈ R, m, n ∈ R,
which proves (2.2). And it is obvious that
Thus (2.1) follows. The Hom Jacobi identity is easy to check.
Generalized derivations of multiplicative Hom-Lie conformal superalgebras
Let (R, α) be a multiplicative Hom-Lie conformal superalgebra. Define
Then Ω is a Hom-Lie conformal superalgebra, and Der(R) is a subalgebra of Ω.
and ZDer α k (R) the sets of all generalized α k -derivations, α k -quasiderivations, α k -centroids, α k -quasicentroids and α kcentral derivations of R, respectively. Set
It is easy to see that
Proposition 5.2. Let (R, α) be a multiplicative Hom-Lie conformal superalgebra. Then (1) GDer(R), QDer(R) and C(R) are subalgebras of Ω, (2) ZDer(R) is an ideal of Der(R).
Proof.
(1)We only prove that GDer(R) is a subalgebra of Ω. The proof for the other two cases is left to reader.
For any D µ ∈ GDer α k (R), H µ ∈ GDer α s (R), a, b ∈ R, there exist D ′ µ , D ′′ µ ∈ Ω, (resp.H ′ µ , H ′′ µ ∈ Ω) such that (5.1) holds for D µ (resp.H µ ). Recall that α ′ (D µ ) = D µ • α. 
